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ON THE TAYLOR COEFFICIENTS OF A SUBCLASS OF
MEROMORPHIC UNIVALENT FUNCTIONS
BAPPADITYA BHOWMIK ∗ AND FIRDOSHI PARVEEN
Abstract. Let Vp(λ) be the collection of all functions f defined in the unit disc
D having a simple pole at z = p where 0 < p < 1 and analytic in D \ {p} with
f(0) = 0 = f ′(0)−1 and satisfying the differential inequality |(z/f(z))2f ′(z)−1| <
λ for z ∈ D, 0 < λ ≤ 1. Each f ∈ Vp(λ) has the following Taylor expansion:
f(z) = z +
∞∑
n=2
an(f)z
n, |z| < p.
In [4], we conjectured that
|an(f)| ≤ 1− (λp
2)n
pn−1(1− λp2) for n ≥ 3.
In the present article, we first obtain a representation formula for functions in the
class Vp(λ). Using this representation, we prove the aforementioned conjecture for
n = 3, 4, 5 whenever p belongs to certain subintervals of (0, 1). Also we determine
non sharp bounds for |an(f)|, n ≥ 3 and for |an+1(f)− an(f)/p|, n ≥ 2.
1. Introduction
We shall use following notations throughout the discussion of this article. Let C be
the whole complex plane, D := {z ∈ C : |z| < 1} and ∆ := {ζ ∈ C : |ζ | > 1}∪ {∞}.
Let A be the class of all analytic functions f defined in D with the normalization
f(0) = 0 = f ′(0) − 1 and S = {f ∈ A : f is univalent}. Each f ∈ S has the
following Taylor expansion:
f(z) = z +
∞∑
n=2
an(f)z
n, z ∈ D.(1.1)
In the last century, the field of geometric function theory provided many interesting
and fascinating facts. One of the main problem of this field was the Bieberbach
conjecture which was proposed in the year 1916. This conjecture states that each
f ∈ S with the expansion (1.1) must satisfy the inequality |an(f)| ≤ n for all n ≥ 2.
In the year 1985, L. de Branges [5] proved this conjecture. In order to settle the
Bieberbach conjecture prior to the effort made by de Branges, many subclasses of S
were introduced that are geometric in nature and the conjecture was being proved
for these subclasses. Some of the special subclasses of S for which this conjecture
was settled were the class of convex functions, starlike functions and close to convex
functions.
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In [1], Aksente´v proved a sufficient condition for the functions of the form
F (ζ) = ζ +
∞∑
n=0
bnζ
−n, ζ ∈ ∆,
to be univalent in ∆. This condition enables many authors to consider the following
class of functions:
U(λ) := {f ∈ A : |Uf(z)| < λ for z ∈ D}
where Uf (z) := (z/f(z))
2f ′(z) − 1 and 0 < λ ≤ 1. It is well-known that each
function in U(λ) is univalent and U(λ) $ S. For a detailed study of the class U(λ)
one may go through the articles [6, 8, 9, 10] and references therein. In this note, we
consider the meromorphic analogues of the classes A, S and U(λ). To this end, let
A(p) be the class which is defined as the collection of functions in D having a simple
pole at z = p where p ∈ (0, 1) and analytic in D \ {p} satisfying the normalization
f(0) = 0 = f ′(0)−1. Let Σ(p) := {f ∈ A(p) : f is univalent}. In [2], we established
the following sufficient condition for functions in A(p) to be univalent:
Theorem A. Let f ∈ A(p). If |Uf(z)| ≤ ((1 − p)/(1 + p))2 for z ∈ D, then f is
univalent in D.
Motivated by this sufficient condition stated in the above theorem, in [2] we
considered the following subclass of Σ(p).
Definition 1.1. Let Up(λ) be the family of all functions f ∈ A(p) such that
|Uf(z)| < λ((1− p)/(1 + p))2, z ∈ D holds for some 0 < λ ≤ 1.
Interested reader may go through the articles [2] and [3] for many other interesting
results for functions in the class Up(λ). We point out here that in [4], we improve
the sufficient condition in Theorem A for univalence with replacing the number
((1− p)/(1 + p))2 by 1 and subsequently the following class of functions Vp(λ) was
introduced:
Vp(λ) = {f ∈ A(p) : |Uf(z)| < λ, z ∈ D} , for λ ∈ (0, 1].
In [4], we proved that Up(λ) ( Vp(λ) and discussed many other aspects of this class
of functions. Let B be the class of functions w which are analytic in D and for
z ∈ D, |w(z)| ≤ 1. In [4], we proved the following integral representation formula
for functions in Vp(λ), i.e., each function in Vp(λ) can be expressed as:
z
f(z)
= 1−
(
f ′′(0)
2
)
z + λz
∫ z
0
w(t)dt,(1.2)
where w ∈ B. Since each f ∈ Vp(λ) is analytic in the disc Dp := {z : |z| < p},
therefore it has the Taylor expansion of the form (1.1) valid in Dp. In [4, Theorem 5],
the authors of the present article established the exact region of variability of the
second Taylor coefficients a2(f), f ∈ Vp(λ) which we state below:
|a2(f)− 1/p| ≤ λp,
and made the following conjecture about the exact bounds for the modulus of the
n-th Taylor coefficients:
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Conjecture 1. If f ∈ Vp(λ) for some 0 < λ ≤ 1 and has the expansion of the form
(1.1) in Dp. Then
|an(f)| ≤ 1− (λp
2)n
pn−1(1− λp2) ,(1.3)
for n ≥ 3 and equality occurs in the above inequality for the following functions:
kλp (z) :=
−pz
(z − p)(1− λpz) .(1.4)
Remark. It is easy to check that as p→ 1−, the inequality (1.3) gives the conjectured
bound |an(f)| ≤
∑n−1
k=0 λ
k, n ≥ 3 for the class U(λ) (see [8]) and for λ = 1 the above
conjecture reduces to the Jenkin’s theorem (compare [7]) for the class Σ(p). Also
by taking p → 1− and λ = 1 in (1.3), we will get the famous de Branges theorem
for the class S (compare [5]).
We organise this article as follows. First we prove a representation formula for
functions in the class Vp(λ). Next, with the help of this representation formula we
prove the Conjecture 1 for n = 3, 4, 5 with certain range of values of p. Finally, we
obtain non sharp bounds for |an(f)|, n ≥ 3 and for |an+1(f)− an(f)/p|, n ≥ 2.
2. Main Results
We start this section with the following representation formula for functions in
the class Vp(λ):
Theorem 1. Each f ∈ Vp(λ) can be represented as
f(z) =
−pz
(z − p)(1− λpzw(z)) , z ∈ D,(2.1)
where w ∈ B. Also every f ∈ Vp(λ) can be expressed as
f(z) =
−pzu(z)
(z − p)(1− λp) , z ∈ D,(2.2)
where u ∈ B and u(0) = 1− λp.
Proof. For every f ∈ Vp(λ) we have from (1.2),
z
f(z)
= 1−
(
f ′′(0)
2
)
z + λz
∫ z
0
w1(t)dt, z ∈ D,
where w1 ∈ B. Since f(p) =∞, the above equality yields
f ′′(0)
2
=
1
p
(
1 + λp
∫ p
0
w1(t)dt
)
and hence
z
f(z)
= 1− z
p
(
1 + λp
∫ p
0
w1(t)dt
)
+ λz
∫ z
0
w1(t)dt, z ∈ D.(2.3)
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Let us define
w(z) :=
(∫ z
p
w1(t)dt
)
/(z − p), z ∈ D.
Now it is a simple exercise to see that |w(z)| ≤ 1 and w(p) = w1(p). Consequently
(2.3) takes the following form:
z
f(z)
=
−(z − p)(1− λpzw(z))
p
,
where w ∈ B. This proves the representation formula (2.1). Next we see that
|1− λpzw(z)| ≥ 1− λp|zw(z)| ≥ 1− λp.
We now define
u(z) :=
(1− λp)
(1− λpzw(z)) , z ∈ D.(2.4)
Then clearly |u(z)| ≤ 1 and u(0) = 1−λp. Now plugging (2.4) in (2.1) we get (2.2).
This completes the proof of Theorem 1. 
The next theorem deals with the estimate of |an(f)| for n = 3, 4, 5 under some
restriction on the range of values of p where an(f) is defined by (1.1).
Theorem 2. Let f ∈ Vp(λ) have expansion of the form (1.1). Then the inequality
(1.3) holds for n = 3, p ∈ (0, 1/2]; for n = 4, p ∈ (0, (√3− 1)/2] and for n = 5, p ∈
(0, (
√
5− 1)/4]. Equality holds in the above inequality for the function (1.4).
Proof. Let each w ∈ B has the following Taylor expansion in D:
w(z) =
∞∑
n=0
cnz
n.
Now inserting the above expression for w and the series expansion (1.1) for f in the
representation formula (2.1) we get,
z +
∞∑
n=2
an(f)z
n = z(1− z/p)−1
(
1− λpz
∞∑
n=0
cnz
n
)−1
.
Next comparing the coefficients of zn, n = 3, 4, 5 in the above equality we get
a3(f) = λpc1 + λ
2p2c20 + λc0 + 1/p
2,(2.5)
a4(f) = λpc2 + 2λ
2p2c0c1 + λ
3p3c30 + λc1 + λ
2pc20 + λc0/p+ 1/p
3 and(2.6)
a5(f) = λpc3 + λ
2p2c21 + 2c0c2λ
2p2 + 3c20c1λ
3p3 + λ4p4c40 + λc2(2.7)
+2c0c1λ
2p+ λ3p2c30 + λc1/p+ λ
2c20 + λc0/p
2 + 1/p4.
Now from [13], we know that
|c0| ≤ 1 and |cn| ≤ 1− |c0|2 for all n ≥ 1.(2.8)
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Using these inequalities in (2.5) we have
|a3(f)| ≤ λp|c1|+ λ2p2|c0|2 + λ|c0|+ 1/p2
≤ λp(1− |c0|2) + λ|c0|+ λ2p2|c0|2 + 1/p2.
Setting |c0| = x, we consider h(x) := λp(1− x2) + λx+ λ2p2x2 + 1/p2. So x ∈ [0, 1]
and
h′(x) = λ(1− 2px) + 2λ2p2x.
Now h′(x) ≥ 0 for p ∈ (0, 1/2] and for 0 < λ ≤ 1. This shows that the function h is
increasing in [0, 1]. Therefore,
max
0≤x≤1
h(x) = h(1) = λ+ λ2p2 + 1/p2
and thus
|a3(f)| ≤ 1/p2 + λ+ λ2p2 = (1− (λp2)3)/p2(1− λp2).
Using this similar idea, now we prove the conjectured bound for |a4(f)| and |a5(f)|
when p lies in the intervals stated in the theorem. If we use triangle inequality and
the bounds for |cn|, n ≥ 1 in (2.6), we get
|a4(f)| ≤ (−2λ2p2 + λ3p3)|c0|3 + (−λp− λ+ λ2p)|c0|2
+(2λ2p2 + λ/p)|c0|+ λp+ λ+ 1/p3.
As before setting |c0| = x, we introduce the following function:
g(x) := (−2λ2p2 + λ3p3)x3 + (−λp− λ+ λ2p)x2 + (2λ2p2 + λ/p)x+ λp+ λ+ 1/p3.
Since (−2λ2p2 + λ3p3) < 0 and (−λp− λ+ λ2p) < 0, then we have
g′(x) = 3(−2λ2p2 + λ3p3)x2 + 2(−λp− λ + λ2p)x+ 2λ2p2 + λ/p
≥ 3(−2λ2p2 + λ3p3) + 2(−λp− λ+ λ2p) + 2λ2p2 + λ/p
= −4λ2p2 + 3λ3p3 − 2λp− 2λ+ 2λ2p+ λ/p
= 3λ3p3 + 2λ2p(1− 2p) + λ(1/p− 2− 2p).
Now it is a simple exercise to check that (1 − 2p) > 0 and (1/p − 2 − 2p) > 0 for
p ∈ (0, (√3− 1)/2]. Hence g′(x) ≥ 0 for all 0 ≤ x ≤ 1 and p ∈ (0, (√3− 1)/2]. This
implies that g is increasing in [0, 1] and
max
0≤x≤1
g(x) = g(1) = (1 + λp2 + λ2p4 + λ3p6)/p3.
This settles our claim for the bound of the coefficients a4(f). Finally we turn our
attention into proving the coefficient bound of |a5(f)|. Use of the estimate (2.8) in
(2.7) gives
|a5(f)| ≤ (λ4p4 + λ2p2 − 3λ3p3)|c0|4 + (−2λ2p2 − 2λ2p + λ3p2)|c0|3
+(−λp− 2λ2p2 + 3λ3p3 − λ+ λ2 − λ/p)|c0|2
+(2λ2p2 + 2λ2p+ λ/p2)|c0|+ λp+ λ2p2 + λ+ λ/p+ 1/p4.
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Now assume as before |c0| = x ∈ [0, 1] and define
q(x) := (λ4p4 + λ2p2 − 3λ3p3)x4 + (−2λ2p2 − 2λ2p+ λ3p2)x3
+(−λp− 2λ2p2 + 3λ3p3 − λ+ λ2 − λ/p)x2
+(2λ2p2 + 2λ2p+ λ/p2)x+ λp+ λ2p2 + λ+ λ/p+ 1/p4.
Thus we have
q′(x) = 4(λ4p4 + λ2p2 − 3λ3p3)x3 + 3(−2λ2p2 − 2λ2p+ λ3p2)x2
+2(−λp− 2λ2p2 + 3λ3p3 − λ+ λ2 − λ/p)x+ 2λ2p2 + 2λ2p+ λ/p2.
Since (λ4p4 + λ2p2) ≥ 2(λ6p6)1/2 and both the quantities (−2λ2p2 − 2λ2p + λ3p2)
and (−λp− 2λ2p2 + 3λ3p3 − λ+ λ2 − λ/p) are negative, so
q′(x) ≥ 2λ3p3 − 8λ2p2 − 4λ2p+ 3λ3p2 − 2λp− 2λ− 2λ/p+ 2λ2 + λ/p2
= 2λ3p3 + 3λ3p2 − 2λ2(4p2 + 2p− 1)− λ(2p+ 2 + 2/p− 1/p2).
Again since (4p2+2p− 1) < 0 and (2p+2+2/p− 1/p2) < 0 for p ∈ (0, (√5− 1)/4],
the above inequality gives q′(x) ≥ 0 i.e. , the function q is increasing in the interval
[0, 1] and hence
max
0≤x≤1
q(x) = q(1) = (1 + λp2 + λ2p4 + λ3p6 + λ4p8)/p4.
This proves our claim regarding the coefficient bound of a5(f). Also it is easy to
check that
kλp (z) =
∞∑
n=1
1− λnp2n
pn−1(1− λp2)z
n, z ∈ Dp.
This proves the sharpness part of the inequality stated in the theorem. 
Remark. Using similar lines of proof as in the previous theorem one may be able to
prove the conjectured bound for n ≥ 6 with certain range of values of p. However,
we expect that this will need much more effort in calculation. We leave this open
to the interested reader.
Here we present the following definition which we need for our further discussion.
Definition 2.1. For any two analytic functions f and g, f is said to be subordinate
to the function g if the relation f(z) = g(w(z)), z ∈ D holds for any w ∈ B with
w(0) = 0. This phenomenon is abbreviated as f ≺ g.
In the next result we prove non sharp bounds for the absolute value of the Taylor
coefficients |an(f)| for n ≥ 3 and |an+1(f)− an(f)/p| for n ≥ 2 whenever f ∈ Vp(λ).
Theorem 3. Let f ∈ Vp(λ) be of the form (1.1) in Dp. Then for n ≥ 3,
|an(f)| ≤ 1
pn−1
+
(
n−1∑
k=1
λ2kp2k
)1/2(n−1∑
k=1
1
p2(n−k−1)
)1/2
,(2.9)
and for n ≥ 2, we have
|an+1(f)− an(f)/p| ≤ λp.
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Proof. From the representation (2.1) we see that
f(z) = f1(z)f2(z), z ∈ D,(2.10)
where
f1(z) :=
−pz
(z − p) and f2(z) :=
1
(1− λpzw(z)) , w ∈ B.
Let us now consider the Taylor expansions for the following functions in D:
f1(z) =
∞∑
n=1
1
pn−1
zn :=
∞∑
n=1
Anz
n, f2(z) =
∞∑
n=0
Bnz
n and 1/(1− λpz) =
∞∑
n=0
(λp)nzn.
Since f2 ≺ 1/(1 − λpz), therefore using Rogosinski’s theorem [12, Theorem II], we
get
n−1∑
k=1
|Bk|2 ≤
n−1∑
k=1
λ2kp2k.(2.11)
Now equating coefficients of zn on both sides of the equation (2.10), we get
an(f) = An +
n−1∑
k=1
BkAn−k,
where An = 1/p
n−1. Thus an application of the Cauchy-Schwarz inequality yields
|an(f)| ≤ |An|+
∣∣∣∣∣
n−1∑
k=1
BkAn−k
∣∣∣∣∣
≤ |An|+
(
n−1∑
k=1
|Bk|2
)1/2(n−1∑
k=1
|An−k|2
)1/2
≤ 1
pn−1
+
(
n−1∑
k=1
λ2kp2k
)1/2(n−1∑
k=1
1
p2(n−k−1)
)1/2
(by (2.11))
which is the required bound that we wish to prove. Again using the representation
(2.1) in Theorem 1, we see that (z − p)f(z)/(−pz) ≺ 1/(1− λpz) =∑∞n=0(λp)nzn.
Now since f has expansion of the form (1.1), we compute
(z − p)f(z)
−pz = 1 +
∞∑
n=1
(an+1(f)− an(f)/p) zn.
Next we note that the sequence {(λp)n} is a nonnegative, decreasing and convex
sequence. Here we clarify that a real sequence {xn} is called convex sequence if
xn−1 + xn+1 ≥ 2xn holds for all n. Now an application of a well-known result of
Rogosinski (see [12, Theorem VII]), we have
|an+1(f)− an(f)/p| ≤ λp, ∀n ≥ 2.
This completes the proof of the theorem. 
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Remark. In [11], the authors proved the following non sharp bound for |an(f)|, n ≥ 3
for functions in the class U(λ):
|an(f)| ≤ 1 + λ
√
n− 1
√√√√n−2∑
k=0
λ2k.
We see that as p→ 1−, the obtained bound (2.9) coincides with the above bound.
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